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0. INTRODUCTION 
IN THIS paper we compute the deficiency indices of Dirac operators on odd-dimensional 
manifolds with asymptotically cone-like singularities. They are related with the index 
theorem for Dirac operators on the cone cross section, which is a phenomenon similar to 
the index theorem of J. Roe [l I], Higson [9]. Indeed, our “deficiency index theorem” and 
Roe’s index theorem are both special cases of a fairly general “odd index theorem” which 
will be worked out in a future publication. 
Our paper is organized as follows. First we make some general remarks concerning 
deficiency indices for symmetric Dirac operators (Section 1). Then we state a localization 
principle which shows that “complete parts” of the manifold are negligible for the computa- 
tion of deficiency indices (Section 2). In Section 3 we state our main results. Section 
4 contains a model situation which can be treated rather explicitly. Via the localization 
principle and the separation of variables we reduce the general case to the model situation 
(Section 5). Section 6 contains some final remarks, in particular a “conic proof” of the 
cobordism invariance of the index. This is in the spirit of [9] but uses a completely different 
technique. 
1. PRELIMINARIES 
Let M be an oriented Riemannian manifold, dim M = m, and let (S, V) be a complex 
Dirac bundle over M (cf. [lo], Def. 11.5.2). Then the Dirac operator D obtained from (S, V) 
is known to be a symmetric operator 
D:C,s(S)+C,"(S), (1.1) 
and it is a natural question whether D has self-adjoint extensions in the Hilbert space L2(S) 
or not. Next we introduce some terminology (cf. [3]). For an arbitrary differential operator 
T: C,"(E) + Cc(F) between smooth sections of hermitian vector bundles we denote by T' 
its formal adjoint, by Tmin its closure and by Tmax: = (T')* its maximal closed extension. For 
a closed extension ? of T, a( ?) denotes the domain of ? in L2(E). All closed extensions of 
T lie between Tmin and T,,,,,. 
Turning back to the Dirac operator D, the general theory of symmetric operators ([S], 
sec. X11.4) yields a decomposition 
g(D,,,) = s(D,i,)@E+(D)OE-(D), 
E+(D) = ker(D,,, T il), 
(1.2a) 
(1.2b) 
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where the sum is orthogonal with respect to the graph scalar product 
(X(Y), = (XIY)P(S) + (Qnax ~P,,,Y)~~(s) for x, Y END,,,). (1.3) 
It is a well-known fact that the self-adjoint extensions of D are in one-one correspondence 
with isometries from E + (D) onto E _ (D). In particular, D has self-adjoint extensions iff the 
deficiency indices 
n+(D):= dimE,(D)EZ+ u { co} (1.4) 
coincide. Moreover the essential self-adjointness of D is equivalent to n+(D) = n_(D) = 0. 
This is known to happen on complete manifolds: 
THEOREM 1.1 (Wolf [13], Chernoff [S]). Zf M is complete, then n+(D) = n_(D) = 0. 
Thus we can expect non-trivial deficiency indices only on non-complete manifolds. 
Denote by A0 left multiplication by the volume element w, which is defined as 
a = inm+ ‘V21e1. . . .e,ECl(M), (1.5) 
where e,, . . . , e, is any oriented local orthonormal frame for TM and Cl(M) denotes the 
bundle of complex Clifford algebras of the tangent bundle of M. Since o2 = 1, S splits into 
the orthogonal sum 
s=s+@Js- (1.6) 
of the f 1 eigenbundles of &,,. 
This decomposition is parallel since o is parallel ([lo], sec. 11.6). 
If m = 1 (mod2) then o is central in Cl(M) and thus S * are Dirac bundles. Clearly we 
have 
D=D+@D- (1.7) 
in this case. 
If m 3 0(mod2) I, anticommutes with D and with respect to (1.6) D has the form 
A situation in which the deficiency indices coincide is the following , 
LEMMA 1.2. Suppose that S has a parallel decomposition S = So OS’ such that 
Cl’(M)*Sjc Si+j, i, j EZ2. Then n+(D) = n_(D). This happens in particular for dim 
M = O(mod2). With respect to the decomposition S = So 0 S1 D has the form 
Zfm = l(mod2) then 
is a bundle isometry and we have 
In particular, &Do is a symmetric operator with 
n,(A,D’) = n*(D+) = nr(D-). (1.9) 
OPERATORS ON MANIFOLDS WITH CONIC SINGULARITIES 613 
Proof It is clear by assumption that D has the form (1.8). Let T be an arbitrary closed 
extension of Do. Then 
fi:= 
0 T 
( > T* 0 
is a self-adjoint extension of D and hence n+(D) = n_ (D). The remaining assertions are easy 
to verify. n 
2. A LOCALIZATION PRINCIPLE FOR DEFICIENCY INDICES 
In this section we show that the deficiency indices can be computed locally in the sense 
that “complete parts” of the manifold are negligible. In order to state the result we have to 
introduce another fact from the general theory of symmetric operators. On 9(DmaX) we 
consider the following hermitian sesquilinear form 
~o(x,Y):= - i{(D,,,xly) - (xIDmax~)J, x, y E WD,,,) (2.1) 
If x EL~(D,,,~“) or y E~(D,~,,) then qD(x,y) = 0, thus q. induces a hermitian sesquilinear 
form on 9(DmaX)/9(Dmin), denoted by qD, too. If x E Ek (D) then 
%)(x,x) = & 211xl12. (2.2) 
Denoting by n, (qD) the dimension of a maximal subspace of 9(D,,,)/9(D,i”) on which qD 
is positive (negative) definite, we arrive at 
n*(D) = nk(q,). (2.3) 
Now consider M with an open subset UC M such that MO:= M\U is a 
complete manifold with compact boundary N:= 8Mo. Since M is oriented, the normal 
bundle of N is trivial and we have the tube V = ( - E, E) x N around N with 
U n V = ( - F, 0) x N, MO n V = [0, E) x N. We put for t ~(0, E) 
Ur:= U\([ - t,O)xN) (2.4a) 
and 
M,:= M\U,. (2.4b) 
Denote by D, the restriction of D to C$(SI.) and by 
-Xg(D”‘,max/min) = (t E~(DU,max,min)lsuPPSC U, for some t > 01. (2.5) 
It is clear that for 4 EX’~(D~,,,~~~,,,~~ ) the extension to M by 0 lies in LB(Dmax/min). Thus we 
obtain a natural inclusion 
with 
~:~~(Du,max)~~UAnax) (2.6a) 
~(~~(D”.,i,))e~(Drnin). (2.6b) 
THEOREM 2.1 (Localization principle). c( induces an isomorphism 
5: ~~(DL’,max)/~~(D”,,in) + ~(D,~~)/~(Dmin)~ (2.7) 
Moreover, if qD, is the sesquilinear form of Du restricted to the left hand side, then 
n*(D) = n,(q,,). (2.8) 
Proof: By (2.6a, b) it is clear that Cc is a well defined linear map. To prove surjectivity we 
pick < E 9 (D_) and choose I$ E C”(M) which is 1 in a neighborhood of M, and 0 on U, for 
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some t f(O,a/2). Then grad4 is bounded and hence by ([lo], Lemma 11.55) 
D((1 - 4)5) = - grad4.t + (1 - b)or~L’(S), 
i.e. (1 - 4)5 EX“~((D”,~~~ ) and the sujectivity of G is proved if we can show that 
44 E9(DIni”). 
To see this, add an infinite cylinder to the boundary of Mzr. The resulting manifold, say X, 
is complete. Extend the bundle S to X in the obvious way, to be denoted by S(X). By 
Theorem 1.1 there is a sequence ye, EC~(S(X)) with lim,,, qn = 4<, lim,,,l)u],, = D(4<). 
Now choose $ E Cm(X), $ 3 1 in a neighborhood of supp4 and supp$ cM~~,~,~. Putting 
5, = $q,, E C;(S(M)) we find 
and, again using ([lo], Lemma 11.5.5), 
Since grad$ is bounded and zero on supp4, this converges to D(#I~) which proves the 
assertion. 
Now we are going to prove the injectivity of Cr. Pick 5 E Xg(D,,,,,) n GS(Dmin). We 
have to show that this implies 5 Eg(DU,min ). Since 5 E 9 (Dmin), there is a sequence 
~“EC~(S) with lim,,,q, = 5 and lim,,, Dy, = 05. We choose a cut-off function 
4 E Cm(M) which is 1 in a neighborhood of suppr and suppb c U, for some t > 0. Then 
$I?,, E Cz (Sl”) and as in the proof of surjectivity we see that 4~” converges to 5 in the graph 
norm of D. 
The last assertion is obvious by now. 0 
COROLLARY 2.2. Let M’, M2 be two manifolds satisfying the assumptions of the preceding 
theorem and let y: U1 -+ U2 be an isometry which lifts to an isomorphism of Clifford structures. 
Then 
ni(D,) = n*(DJ (2.9) 
Proof This follows immediately from the fact, that D “1 and DU2 are unitary equivalent 
and the preceding theorem. 0 
3. STATEMENT OF THE MAIN RESULTS 
Now we assume that U is asymptotically cone-like, i.e. U is isometric to (0, E) x N with 
metric 
g = dx2 + x’s,(x) (3.1) 
where gN is a family of metrics on N, smooth in CO,&). Such manifolds should be called 
complete with asymptotically cone-like singularities. If M is oriented, we choose the orienta- 
tion on N such that U = (0, E) x N has the product orientation. Moreover we now assume 
dimM =:m =:2v + 1 odd. 
The spin Dirac operator 
Let M be spin. Since m is odd Cl(m) has two inequivalent irreducible representations. 
Denote by S’ the corresponding spinor bundles and by 
p*:Cl(M) + End(S’) 
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the corresponding Clifford representations. S- can be obtained from S+ as follows: let S- 
be the underlying vector bundle of St and define the Clifford action by 
p-(OS:= p+(cc(<))s for SECI(T~M),SES~+, 
where a is the grading automorphism of the Clifford algebra ([lo], 1.1.7). We have 
p*(o) = fId 
([lo], Prop. 1.59). 
Now let us consider the Dirac bundle 
and define 
s:= s+es- 
s’:= {x0( - l)‘xJxES+}, iEZZ, 
where we have used the identification of S- and S+ as vector bundles. One easily checks 
LEMMA 3.1. S = So @ S’ is a decomposition as in Lemma 1.2. In particular we have for the 
spin Dirac operators D’ on S’ 
n,(D+) = nT(D-). 
Therefore it is enough to deal with D = Df for which we will prove 
THEOREM 3.2. Let M be an odd-dimensional spin manifold with an open subset U c M 
satisfying (3.1) such that M\U is a complete mantfold with compact boundary N. Then the 
deficiency indices of D on S+ are finite and satisfy 
n+(D) - n_(D) = A(N). 
The “odd signature operator” 
We consider the Dirac operator D on the Clifford algebra Cl(M) 2: A*M. In view of 
Lemma 1.2 the decomposition h*M = A’“M @ AoddM shows that D has self-adjoint 
extensions, To get non-trivial deficiency indices we decompose 
Cl(TM) = Cl+(TM)@Cl-(TM) (3.2) 
into the f 1 eigenspaces of &. Since m is odd, with respect to (3.2) D decomposes into 
D = D+@ D-, with n*(D+) = nr(D-). In this situation we have 
THEOREM 3.3. Let M be an oriented odd-dimensional manifold with an open subset U c M 
satisfying (3.1) such that M\U is complete with compact boundary N. Then the dejiciency 
indices of D’ are finite and 
n+(D+) - n-(D’) = sign(N). 
An immediate but important consequence of these results is 
COROLLARY 3.4. There exist odd-dimensional manifolds (complete with cone-like singular- 
ities) on which the spin Dirac operator and the odd signature operator do not have any 
self-adjoint extension at all. 
The idea of proving these results is as follows: By Corollary 2.2 we are reduced to the 
infinite cone (0, cc ) x N. Here we separate variables (Section 5) and obtain a model operator 
which will be treated now. 
TOP 32:3-L 
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4. THE MODEL OPERATOR 
The aim of this paragraph is to prove the following. 
PROPOSITION 4.1. Let N be a compact man$old and P be an elliptic symmetric diflerential 
operator between sections of the hermitian vector bundle E. Moreover let a,: L’(E) -+ L’(E) be 
a self-adjoint isometry (pseudo-differential) anticommuting with P. Then 
D:= &, + x-‘P) 
i (4.1) 
is symmetric on C$(n*(E)), 71: (0, 00 ) x N + N the projection onto the second factor, with 
scalar product 
U-Is): = j, (f(x)Ig(x))L2(E~dx, 
and the deficiency indices are 
n*(D) = dim(ker(@ f I) n kerP) + c dimker(P - 21). (4.2) 
0<1<1/2 
In particular we have 
n+(D) - n_(D) = dim(ker(@ - I) n kerP) - dim(ker(Q + I) n kerP) 
=:ind(P,@). 
(4.3) 
In the proof we will need the following Lemma. 
LEMMA 4.2. For I. 2 0 the operator 
on CF ((0, 03 ), fZ’)c L2((0, 00 ), a=‘) has deficiency indices 
n*(DJ = 
0, IA) 2 l/2 
1, 111 < l/2’ 
0 
/z 1) (4.4) 
(4.5) 
Proof: DA anticommutes with , thus multiplication with 
an isomorphism E+(DA) -+ E_(D,) and hence n+(D,) = n_(Dn). 
In order to compute n+ (DA) we have to look for the solutions fj E L2((0, co )), j = 1,2, 
of the system 
(4.6a) 
“f; + if1 = -“f-2. (4.6b) 
Differentiating (4.6a) and eliminatingf, from the system yields the equation 
I;+(Y-l)h=O. (4.7) 
Putting v:= A - :, a fundamental system for this equation is x~/~Z,,, xl/‘&, where I,, K, 
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are the modified Bessel functions ([12], 3.7). Since I, grows exponentially as x -+ co and K, 
decays exponentially as x -+ co ([12, 7.23), we find 
f2 = CXi’2K”. (4.8) 
Moreover, from 
K”(X) - 
i 
x-IV, v2 -&v#O, 
logx, v=o 
(4.9) 
as x + 0 ([12], 3.71) we find thatf2 is square-integrable iff 0 < J < i. Now (4.6a) and the 
recursion formulas for K, ([12], 3.71) yield 
= - CX1’2Ky+lr 
and, by (4.9) again, this is square-integrable iff i < 3. 0 
Another proof can be obtained from [S]. Namely, from ([S], Section 3) it follows that 
and we are done since we already know that n, (DA) = n_(DJ. Our proof is more direct, at 
the expense that it involves some nontrivial properties of Bessel functions. 
ProofofProposition 4.1. It is clear that D is symmetric. Since @ and P anticommute, the 
spectrum of P is symmetric and @ leaves kerP fixed. Choose an orthonormal basis 
(e,), EM c C Oc (E) of the positive spectral subspace of P, i.e. 
Pe, = ;l,e,, I, > 0. (4.10) 
Then (%Jnt~ is an orthonormal basis of the negative spectral subspace. We put I’,,:= 
span(e,, @en) and obtain an orthogonal decomposition 
L2(E) = kerP@ G V, (4.11) 
#I=1 
that reduces @ and P simultaneously. Moreover the corresponding decomposition of 
L2((0, co ), L’(E)) reduces D, i.e. 
where 
D=D,@ ; D,, (4.12) 
II=1 
&:C$((O, cc),kerP)+C$((O, co),kerP),&, =@‘a, 
i 
(4.13a) 
and 
(4.13b) 
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Denote by R, the orthogonal projection onto L*((O, 00 ), V,) (resp. L2((0, co ), kerP) if 
n = 0). Pick f E 9 (Dmax) with 
Qnaxf= sf, EC{ + i>. 
Then it is easy to check that R,~E~(D,,,,,) and 
D,R,f = ERJ 
By Lemma 4.2 this implies R,f = 0 if IA,,\ 2 l/2. Moreover we obtain 
n*(D) = n+(Do) + c 1 
O<d"C1/2 
= n+(Do) + c dim ker(P - AI). (4.14) 
O<A< l/2 
It remains to compute n* (Do). In order to do this we choose an orthonormal basis 
f l,..., fk of kerP with 
Q(fj) = 
i 
1, j<r 
-1, jbr 
and pick 
Cpj EL2((0~ co )) 
j=l 
in 9(D0,max) with D o,max~ = E(P, E E{ f i}. This implies 
thus 
i 
cje isx cpj(X) = ' jlr 
Cjeeiax, j > r’ 
which is square-integrable iff
i 
cj=O, jSr,.z=-i 
cj=O, j>r,E=i ’ 
and the assertion follows. q 
5. PROOF OF THEOREMS 3.2 AND 3.3 
On manifolds with asymptotically cone-like singularities, the operators in Theorems 3.2 
and 3.3 are of regular singular type (cf. [S], [2] and below). By the general theory of these 
operators it can be shown, that the deficiency indices do not change if the metric is changed 
into a metrically conic metric near the singularity, i.e. we may assume 
g = dx2 + x2gN (5.1) 
for 0 < x < E. (cf. [S], p.692 and note that the deficiency indices are Fredholm indices [4), 
Section 4). 
Moreover by the localization principle and Corollary 2.2 it suffices to prove the result 
for the infinite cone M = (0, co ) x N with the metric (5.1). It remains to show that the 
operators in Theorems 3.2 and 3.3 are of the type considered in Section 4. This is done by 
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separation of variables and has been carried out in various situations by several authors. 
We summarize these results briefly. 
The spin Dirac operator 
Denote by E,, = & and by P, the parallel translation along radial geodesics from 
{1}xNto{x}xN.Ife,,.. . , e,, n: = dimN, is a local orthonormal frame for TN, put 
Ei(x,p):= PJej(P)). (5.2) 
Then &,,Er, . . . , E, is a local orthonormal frame for TM. Recall that El, . . . , E, is an 
oriented frame for TN iff EO, . . . , E, is an oriented frame for TM. Since m is odd, the 
restriction of the spinor bundle S+ to N is just the spinor bundle S(N) of N and since 
M = (0, 00 ) x N we identify S+ with rc*S(N) where rc: M + N is the projection onto the 
second factor, i.e. we make S(N) into a C/(M)-module by putting 
E,.<:= - iWNc, 
whereON = i”el* . . . *eZv is the volume form of N. To see this, note that o = iEooN acts as 
identity on S+. Put 
$:L2(R+,L2(S(N)))-,L2(S+(M)) 
($0)(x):= x-‘P&(x)). 
The volume form on N,:= (x} x N is x2”oN, thus we find that I) is unitary: 
IIW2 m L*(s+ (M)) = 
ss 
X-2VIPx~(X)ls2~Nx),pdX A qC1.N 
0 (xl xN 
m = 
ss 
b(x)lf(N,,& A ON 
0 N 
LEMMA 5.1. I. Let el,. . . ,e, be an oriented orthonormal frame for TN, Ej as in (5.2). 
Then we have for i, j, k > 0 
<Vq EjtEk)lcx,p) = x-l<V~ej~e~)l,, 
(VEiEo,Ej)l(x,p, = X-‘dij, 
(Vs,Eo,Eo) = 0. 
2. Let Wij = (V. Ei,Ej) be the connection form of the Levi-Civita connection. Then the 
spin connection is given by 
Vs&l = + C Wijeiej’ $1, 
i<j 
where $[ is a spinor frame induced from Eo, . . . , E,. 
ProoJ 1. is a straightforward calculation ([7], Lemma 2.2). 
2. is ([lo], Theorem 11.4.14). Note that we have another sign convention for Wij. 0 
Moreover we have for q5 EC~(S(N)), k 2 1, putting &(x,p):= P,~(P), 
V,,&(x,p) = $x-‘Eo%*&x,p) + x-‘Px(V,s,‘“)&4 
([7], Proposition 2.4). 
Now we infer 
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PROPOSITION 5.2. Via t,b the Dirac operator D on S+ (M) is unitarily equivalent to 
where DN is the spin Dirac operator on N. 
Proof: Choose q ECU and 4 EC’(S(N)). Then we find 
(D$(cP@~))(~,P)= i Ei*V,;(x-“~J)(x,P) 
i=O 
=x -‘( - vx-ldx) + cp’(4)~04&P) 
+ x-“q?(x) i (+x-‘Eo’J(x,p) 
i=l 
+ X-‘P,(ei’Vf/N)#)(P)) 
Now we are able to finish the proof of Theorem 3.2. Since wi = 1 we have 
&fax + x-~DN = &,, - ’ i%,vDN) 
and hence by Proposition 4.1 and the Atiyah-Singer Theorem 
n+(D) - n_(D) = dim(ker(Amp - I) A kerDN) - dim(ker(& 
= i(N). 
The odd signature operator 
By Lemma 1.2 we have to consider the operator 
T = A,(d + d’):P”(M) -+ W”(M). 
With ([S], Section 5) we consider the maps 
ICI,:C~((O,oo),~p-l(N)ORP(N))~RP(M) 
- I) n kerD,) 
(4p-1,4p) HX P-‘-‘~*(~p_l(x)) A dx + x~~“~*(~~(x)), 
where XC: (0, co ) x N + N is the projection. We put 
$,y: G((0, ~0 ), R(N)) + Qev(M) 
(401 . . . ,4,) H(~0(0,~0),1CIZ(~1,~Z), . >Icl.(4n-l>ddL 
ICl,dd: G ((0, a 1, Q(N)) + Qodd(M) 
(40, “. ,M+-+W1(40,41), . . ,Iclf?d4,~0))~ 
$,,/,,&, extend to unitary maps 
ti ev,odd:L2(R+,L2(A*N)) +L2(Aev’oddM) 
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and one easily checks ([S], p. 697) that 
$o;:(d + d’)ll/,, = 8, + x-l 
’ 
Cj = ( - l)‘(j - V). (5.3) 
Next we want to compute I++,;~&,,$,,~~: 
It is well-known that for an oriented manifold X on Qp(X) II, is given by 
i[(m+ l)Pl( _ ~)P(P+ 1W *, dimX = l(mod2) 
iI(m+1)/21( _ l)P(P-l)/2 *, dimX = 0(mod2). 
Now if cp eCm(lW+,QP(N)) with p = 0(mod2) we find with ([S], (5.3)) 
A,tjodd(q) = iv+1(-l)(p+1)(p+2)~2*$p+1(q,0) 
= jv+1(_l)(p+1)(P+2)/2$,_p(()( _ l)“-P*N’p) 
= $ev(iY+l( _1)(P+1)(P+2)/2*Nq) 
= $J - iL,cp). 
The analogous computation shows that for p = 1 (mod2) the same formula holds and we 
have proved 
PROPOSITION 5.3. 
with P = C + DGB, C = diag(co, . . . , c,) and DGB = d + d’ the Gauss-Bonnet operator 
on N. 
By ([4], Section 2, resp. [S], Section 5) we have 
kerP = G%‘(N) 
the space of harmonic forms of degree v. Moreover on Q”(N) 
& = i*Y 
v = l(mod2) 
*, v = O(mod 2) 
and Theorem 3.3 follows from Proposition 4.1. 0 
6. FINAL REMARKS 
There are some obvious generalizations possible. One can also consider twisted Dirac 
operators if the twisting bundle is flat in the radial direction near the cone tip. The 
separation of variables for the spin Dirac operator goes through without any changes. We 
point out that the twisting bundle for the signature operator does not have this property. 
That is the reason why we had to treat this case separately. 
Furthermore for the detection of the difference of the deficiency indices it is not 
necessary to know the cone cross section N. By the cobordism invariance of the index of 
Dirac operators we can use any compact partitioning hypersurface that divides M into 
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a complete part and a part with asymptotically cone-like singularities. Thus we can state 
our result in the following final form. 
THEOREM 6.1. Let M be an oriented odd-dimensional manifold which is complete with 
asymptotically cone-like singularities in the sense of Section 3. Let N be a compact hyper- 
surface that partitions M into M + with common boundary N, where M + is complete and M _ 
has only asymptotically cone-like singularities in its interior. We orient N as the boundary of 
M _. Let (S,V) be a Dirac bundle on M with A, = Ids such that the corresponding Dirac 
operator is of regular singular type near the cone tip. Then the deficiency indices of D arefinite 
and 
n+(D) - n-(D) = ind(DN,&), 
where DN is the induced Dirac operator on SIN and 
ind(Dhr, 3.,,) = dim(ker(Jb,, - I) n ker(D,)) - dim(ker(&, + I) n ker(D,)). 
As noted above this Theorem uses the cobordism invariance of the index, for which we 
can now give a “conic proof”: 
THEOREM 6.2. Let M be a compact man$old with boundary and let D: Cc(E) + C?(E) be 
a Dirac operator which has the form 
D=@f(a,+P) 
on a collar [0, E) x N of the boundary, with @, P as in Proposition 4.1. Then 
ind(P, CD) = 0. 
Proof Attach a cone (0,l) x N with metric (5.1) to the boundary and extend D such that 
on (0, l/2) x N 
Then by Proposition 4.1 and Corollary 2.2 we have 
n+(D) - n_(D) = ind(P,Q). 
We have for % E R on(O,1/2) x N 
D + ill = Q, f 8, + $P - x;l@) , 
which satisfies the assumptions in ([S], p. 660). Thus D,,, + iJJ is a Fredholm operator 
for J. E R. Now (D,,, + iAl)_ 1 sAS 1 is a continuous family of Fredholm operators 
Q(D,,,) + L’(E) and hence 
n+(D) = ind(D,,, - il) = ind(D,,, + il) = n_(D). 0 
One might ask, where the fact that N is cobordant to zero is used in this proof. The point 
is, that D,,, + iAZ is always Fredholm for i # 0. But in the work of Briining/Seeley [S] for 
proving the Fredholmness of D,,, the compactness of M is crucial. 
To finish we remark that all results of this paper have a counterpart in the equivariant 
situation. Moreover there are relationships of these results with the relative index theorem 
and the index theorem for Callias operators [ 11. In fact, Theorem 6.1 is a special case of an 
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index theorem for Callias operators on manifolds with cone-like singularities. The details of 
this will be worked out in a future publication. 
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